Introduction.
Let Y be a complete hyperbolic complex space. We assume that Y is hyperbolically imbedded into an irreducible compact complex space Y as its Zariski open subset. Let X be a Zariski open subset of an irreducible compact complex space. We denote by Hol(X, Y) (resp. Merdom(X, Y)) the set of all holomorphic (resp. dominant meromorphic) mappings of X into Y, where a mapping is said to be dominant if its image contains a nonempty open subset. In this paper, by making use of the theory developed by Noguchi [12, 13, 16] we study the structure of Hol(X, Y). We first prove the following finiteness theorem for mappings in noncompact case, which was conjectured by Noguchi (cf. [16] , Conjecture (5.5)), FINITENESS THEOREM (cf. Theorem 2.3) . Let X and Y be as above. Then Merdom(X, Y) is a finite set. This is regarded as the splitting case of the finiteness theorem of the sections of hyperbolic fibre spaces, and plays an essential role in considering the structure of hyperbolic fibre spaces in more general setting below. In the case of a noncompact quotient DIP of a bounded symmetric domain D in the complex vector space by a torsion free arithmetic discrete subgroup P of the identity component of the holomorphic automorphism group of D, DIP is complete hyperbolic and hyperbolically imbedded into its Satake compactification (cf. [6] ). Thus applying the theorem to this case, we see the finiteness of Merdom(X, DiP). Tsushima [20] obtained this result by showing the finiteness of dominant strictly rational maps into a smooth algebraic variety of log-general type. In the case where Y is a Riemann surface of finite type (g, n) with 2g-2+n>0, Imayoshi [2] proved the above finiteness theorem. The compact version of the above theorem (a Lang's conjecture in [8] ) was recently solved by Noguchi [16] (see § 2 for precise statement). Using this, Noguchi [12, 11, 16] proved the finiteness theorem of non-constant holomorphic sections and of trivial fibre subspaces of hyperbolic fibre spaces (see 3 for definitions and precise statement), which gave a proof of a higher dimensional analogue of Mordell's conjecture over function fields (see Noguchi [14, 11, 16] and their references for related Diophantine geometry).
We consider a non-compact version of finiteness theorem of non-constant holomorphic sections and of trivial fibre subspaces of hyperbolic fibre spaces. Let Y be as in the above Finiteness Theorem and X be a nonsingular Zariski open subset of an irreducible compact complex space X. Let (YXX, P, X) be the trivial hyperbolic fibre space with the natural projection P: YXX--;X.
We obtain THEOREM 4.1. Let X and Y be as above. Then (YXX, P, X) contains only finitely many meromorphically trivial fibre subspaces, and carries only finitely many holomorphic sections except for constant ones in those bimeromorphic trivializations.
In the case of nonsingular fibre spaces whose fibres are Riemann surfaces of fixed finite type (g, n) with 2g-2+n>0 and whose base spaces are Riemann surfaces of finite type, Imayoshi and Shiga [4] showed the finiteness of nonconstant sections by making use of the theory of Teichmuller spaces and Kleinian groups. In the case of nontrivial normal fibre spaces, which has a compactification, such that the fibres are noncompact curves and that its generic fibres are hyperbolic, Zaidenberg [22] gave two proofs of the finiteness theorem. One followed the approach used in [12] , which is the same one as we take. The other was based on the idea, which was suggested by Parshin, that the case was reduced to the case of compact fibres, i. e., Manin's theorem (an analogue of Mordell's conjecture for curves over function fields) (cf. [10] ). When the fibre dimension is equal to one, our theorem says nothing but the finiteness of non-constant holomorphic mappings.
But when the fibre dimension is greater than one, we can see a detailed structure of the moduli space Hol(X, Y).
In § 2, we give a proof of the Finiteness Theorem and obtain an estimate of dimensions of the moduli space Hol(X, Y). In § 3, we recall Noguchi's finiteness theorem of nonconstant sections and of the trivial fibre subspaces, and prove it for the sake of convenience. In § 4, Theorem 4.1 is proved. The author is grateful to express his sincere gratitude to Professor J. Noguchi for valuable discussion and useful suggestion.
General Remark.
Throughout this paper, we assume that all complex spaces are paracompact and reduced and that all complex manifolds are connected. The term "hyperbolic" is always used in the sense of Kobayashi.
For complex hyperbolic geometry, refer to Kobayashi [5] , Lang [9] , Noguchi and Ochiai [17] and Noguchi [14] . A mapping f of X into Y is said to be dominant if the image of X by f contains a non-empty open subset of Y. We denote by Merdom(X, Y) (resp. Holdom(X, Y)) the set of all dominant meromorphic (resp. holomorphic) mappings from X into Y. Recently, Noguchi [16] proved the following finiteness theorem, which was conjectured by Lang [8] If we put X=Y in Theorem 2.3, we obtain the following, which was proved in the case where Y is nonsingular by Miyano and Noguchi (see [11] , Theorem (2.4) Take a nontrivial biholomorphic automorphism g and two distinct points y 1, y 2 in Y such that g(y 1) ~ y 2. Identifying y 1 with Y2, we obtain a singular irreducible curve Y'. Y is the normalization of Y'. It is clear that g induces a bimeromorphic automorphism of Y', which is not biholomorphic.
Kodama constructed an example of a normal irreducible complete hyperbolic complex space which has a bimeromorphic and non-biholomorphic automorphism (cf. Kodama [7] ). Now, we can obtain some information about the moduli spaces of holomorphic mappings in our situation. The proof is same as in Noguchi [13] , Theorem (3.3), i). We obtain an estimate of the complex dimension of the moduli spaces. Thus each zE Z is a constant mapping. U REMARK 2.9. In the case where Y is a noncompact quotient of a bounded symmetric domain in the complex vector space by a torsion free arithmetic discrete subgroup of the identity component of its holomorphic automorphism group, more precise estimates were obtained in Sunada [19] , Theorem B, and Noguchi [13] , Theorem (4.7), (4.10) (see for the compact quotient case Noguchi and Sunada [18] , and Imayoshi [2, 3] ). In fact, in that case, dim Z is not greater than the maximum value of dimension of the proper boundary components of the bounded symmetric domain. Suppose that each fibre W t :=11-1(t) is irreducible for t E R. We denote by I' the set of all holomorphic sections of the fiber space (W, 11, R). NOGUCHI'S TRIVIALITY THEOREM FOR HYPERBOLIC FIBRE SPACES. Let (W, 11, R) be a hyperbolic fibre space. Suppose that (W, 1I, R) is hyperbolically imbedded into a compact fibre space (W, 11, R) along aR and that W is normal. If there exists a point tER such that I'(t) := {s(t)EW1: sEf'} is Zariski dense in W1, then (W, II, R) is holomorphically trivial, i. e., there is a biholomorphic mapping F: W1XR--~W such that P=IIoF where P: W1XR-->R is the natural projection.
Noguchi [16] considered hyperbolic fibre spaces in a more general setting and obtained the following finiteness theorem for sections and for trivial fibre subspaces of a hyperbolic fibre space, which gave a partial answer to the higher dimensional analogue of Mordell's conjecture over function fields posed by Lang (cf. [8] , p. 781 and Remark 3.5 in this section). For the sake of convenience and the later use, we recall it with the sketch of the proof. DEFINITION 3.2. We say that a fibre space (W, H, R) is meromorphically trivial if (W, II, R) is bimeromorphically isomorphic to some trivial fibre space over R, i. e., there exist a trivial fibre space (Wo X R, P, R) and a bimeromorphic mapping G : WoXR--~W with P=II G. THEOREM 3.3 (cf. [16] , Theorem B and its correction). Let (W, 11, R) be a hyperbolic fibre space. Assume that (W, II, R) is hyperbolically imbedded into some compact fibre space (W, 11, R) along aR. Then (W, H, R) contains only finitely many meromorphically trivial fibre subspaces with positive dimensional fibres, and carries only finitely many holomorphic sections except for constant ones in those bimeromorphic trivializations.
PROOF. We have after a finite succession of proper modification, a resolution a : R0-~R such that L is smooth and L-a'(R) -is a hypersurface with only normal crossings. Putting Ro := a-1(R), the mapping a ! R0: R0--R is bi-holomorphic. Put Wo := LxW R, Wo := RoxRW.
Let 110 : W0->R0 and H0 : W0-R0 be the natural projections. Then the fibre space (Wo, f1 o, Ro) is hyperbolic and is hyperbolically imbedded into (Wo,'Jo, Ro) along aRo := Ro-Ro. Thus we may assume that R is smooth and that aR :_ R-R is a hypersurface with only normal crossings. Let 1' be the set of all holomorphic sections of (W, 11, R). Then every sI' extends holomorphically to a section of (W, 11, R) (cf.
[12], Lemma (2.1)). F is identified with the set of all holomorphic sections of (W, 11, R). Then F, endowed with compact-open topology, is compact and carries a complex structure with universal property such that the mapping ¶: 1'x R (s, t) ~----* s(t) W is holomorphic (cf. On the other hand, since (W, 11 N, R) is hyperbolically imbedded into the compact fibre space (W, 11, R) along 6R, the set of holomorphic sections of (W, HN, R) forms a normal family (cf.
[12], Theorem 2.2) and is identified with the set of holomorphic sections 1'(R, WT) of (W, HT, R), which is com-pact. Thus the mapping j :T(R,WN)~SNt-~p°SNEr(R,W)
is proper holomorphic. Therefore we see that there exists an jrreducible~com-ponent T jar of j1(T') such that *(P )=T'. It follows that the evaluation mapping
is a proper sur jective holomorphic mapping. Then we see that for t R H~. 1(t) = J '(t) := {SN(t)~WN ; SNIT N(, which is compact and irreducible. It follows from Noguchi's triviality theorem for hyperbolic fibre spaces (cf. the theorem after Definition 3.1) that (IV, H, R) is a trivial fibre space, i. e., if we denote the general fibre by W,0, then
as fibre spaces. Note that since J VT is normal and R is nonsingular, the general fibre W ,0 Nis normal. We see that each element of T N is a constant section of the trivial fibre space (WN, 11 N, R) and that W,0 is biholomorphic to T N. In fact, we can write through the global trivialization ?'NI PNxR: TNXR (S, t)~---~(( N(S, t), t) E WN,0XR.
The mapping (N(•, t) : V--W,0 is a surjective holomorphic mapping for each t S R. It follows from Noguchi's finiteness theorem for mappings (cf. § 2) that (bN(•, t) is independent of tSR.
Thus each element of TN corresponds to a constant section of the trivial fibre space (WN, II N, R'). Since T N is the space of sections, cbN(•, t) : T r-~W N, o is in jective, hence is bi jective. Since W N, 0 is normal, I'N is biholomorphic to W v, 0 by Zariski's main theorem. Since T is compact, there are only finitely many zero dimensional irreducible components of T, which are finite holomorphic sections except for constant ones of the above meromorphically trivial fibre subspaces.
Let (V, III v, R) be a hyperbolic fibre subspace with compact fibres of (W, IT, R) which is meromorphically trivial. We show that (V, II (v, R) is a fibre subspace of one of the above meromorphically trivial fibre subspaces. Let Vo X R be the bimeromorphic trivialization of V where V U is a compact complex space. Taking the desingularization V o + V Q due to Hironaka, we may assume that Thus it follows that F' is biholomorphic to FT, so is normal. In this case F' is imbedded into W.
REMARK 3.5. In the above theorem, the assumption of hyperbolically imbeddedness is essentially used in the proof. This condition is automatically satisfied when both the fiber dimension and the base dimension are equal to one, i. e., if (W, H, R) is a smooth fibre space of curves with genus greater than one and dim R=1, then there is a compactification (W, II, R) of (W, H, R) such that (W, H, R) is hyperbolically imbedded into (W, II, R) along aR (cf.
[12], 5, [11], Theorem 3.11 and [22] , Theorem on domination). Thus, Noguchi's triviality theorem for hyperbolic fibre spaces (cf. the theorem after Definition 3.1) combined with this gave an another proof of Manin's theorem (an analogue of the Mordell's conjecture over function fields) (cf. [10] ). In the higher dimensional case, however, every hyperbolic fibre space does not have such a nice imbedding even after a finite Galois extension of the base space. Noguchi gave such an example (cf. [15] ). COROLLARY 3.6. Let (W, H, R) be as in Theorem 3.3. I f there is a point tER such that F(t) is Zariski dense in W~, then (W, H, R) is bimeromorphically trivial, more precisely, the fibre space (WN, 11 N, R) obtained by taking the normalization of W as in Theorem 3.3 is a holomorphically trivial fibre space.
PROOF. Since F(t) is Zariski dense in the fibre of t, we can take an irreducible component F0 of F such that ?'(R x F0)=W. In fact, if there is no such F0, the image of t by any irreducible component of F is a proper analytic subset of the fibre of t.
A fibre space (W, 11, R) is locally trivial if for each point t in R, there exists a neighborhood U of t in R such that (11-1(U),17 rz-1(U,, U) is a holomorphically trivial fibre space. In Corollary 3.6, if (W, 11, R) is locally trivial, under the assumption of Corollary 3.6, it is globally trivial. COROLLARY 3.7. Let (W, H, R) be as in Theorem 3.3. Suppose that W is quasiprojective and that the set of all holomorphic sections P of (W, H, R) is infinite. Then there exists a hyperbolic fibre subspace (W', H i w-, R) of (W, H, R) with irreducible curves as fibres, which is either generically trivial, i, e., there exists a proper subvariety V (which may be empty) of R such that the hyperbolic fibre space (W' I R-v, H I (W' IR-V), R-V) is holomorphically trivial, or locally nontrivial.
PROOF. Since P is infinite, there is an irreducible component P' of P with dim P'>O. If dim P'=l, we put W' := F(P' x R) c W where P is as in the proof of Theorem 3.3. If dim P' ~ 1, we can construct a hyperbolic fibre subspace with one dimensional fibres as follows. From the proof of Theorem 3.3 we see that WN "' 1 NXR as fibre spaces where W N is the normalization of the closure W' of W' in W and P T is the normalization of P' (see also Remark 3.4) . Take t E R such that P'(t)¢Wsing.
Then since 1''(t) is projective algebraic, so is its normalization 1'N. Therefore one can find a compact irreducible curve C' C P' so that the dimension of the image of the holomorphic mapping Ic'XR: C'xR --~ W' is equal to dim R+1. Replacing C' with P', we put W' := ?'(P' x R) and W' := ?'(1'' x R) . is a biholomorphism. The former equality implies that A=S and therefore A(R)= ii(W'). Since A is finite, it follows that ?lr: 17'x R --~ W' is bijective, hence it induces the isomorphism as fibre spaces. Suppose that SN=I'v. Let be the irreducible decomposition. If there exists a point t at which (W', II W, R) is locally trivial, i. e., (II I W')-1(U) ["(t) X U where U is some neighborhood of t in R, then T'(t) is a finite set of non-normal points. Since the pull-back of those points by j3 is a finite subset of T N, the projection p is locally constant on HN 1(U)n1~1(12(W')). Thus p is constant on each irreducible component which intersects IIN 1(U), in particular, on each V; with H(V1)=.
We see that the image of sum of the other components by HN becomes a proper analytic subset of R. We complete the proof. • REMARK. Corollary 3.7 is a slightly more detailed version of Corollary 3.6 in Noguchi [12] .
It is necessary to take the normalization of the total space in the proof of Theorem 3.3. We give an example of the non-normal hyperbolic fibre spaces with infinitely many sections which is locally nontrivial. The author wishes to thank Professor Tetsuo Ueda for his help in constructing this example. EXAMPLE 3.8. Let R be a compact Riemann surface of genus greater than one. Let 6 be a holomorphic automorphism of R which is not the identity mapping and c be the identity mapping of R. Put 6(t) = (a(t), t) RXR for tER and 1(t) = (t, t) RXR for t E R .
We define an equivalence relation on RXR as follows : for y', y 2 E R x R, Y1'-'Y2 if and only if there exists a point tER such that y1=6(t) and y2=1 (t). Put W := R x R/~. Then we see that W is a complex space and that the projection /3: R x R--W is holomorphic. Let II be the projection such that H jS=P2 on R X R where P2: R X R-~R is the second projection. Then (W, H, R) is a hyperbolic space with compact hyperbolic fibres and carries infinitely many sections which come from the trivial fibre space (R X R, P2, R) through the projection j3. Since R X R is the normalization of W, the trivial fibre space (R X R, P2, R) gives the meromorphic trivialization of (W, H, R). The fibre space (W, H, R) is locally nontrivial. In fact, suppose that there exists a local trivialization cp : W u > Wo X U where U is an open set in R and Wo is an irreducible curve. We take the normalizations of the domain and the image of the localization and consider the lifting cp of the mapping cp between the two normalizations. Then we see that ~3 generates infinitely many holomorphic automorphisms of R. This is absurd since R is compact hyperbolic.
4. Finiteness of nontrivial sections and of trivial fibre subspace in noncompact case.
We consider about finiteness of trivial fibre subspaces in the case where all the fibres are noncompact. We treat only a special case, trivial fibre spaces, but the result supplies information about the moduli of holomorphic mappings. Let X be an irreducible compact complex space and X be a nonsingular Zariski open subset of X. THEOREM 4.1. Let X be as above. Let Y be an irreducible complete hyperbolic complex space. Suppose that Y is hyperbolically imbedded into some compact complex space Y and Y is Zariski open in Y. Then the trivial fibre space (YXX, P, X) contains only finitely many meromorphically trivial fibre subspaces where P is the natural projection (i. e., any meromorphically trivial fibre subspace of (YXX, P, X) is a trivial fibre subspace of one of them) and carries only finitely many holomorphic sections except for constant ones in those bimeromorphic trivializations.
PROOF. Let (V, P~ tir, X) be a meromorphically trivial fibre subspace of (Y X X, P, X) such that the closure V of V in Y X X is a subvariety of Y X X. Let V '--'V o X X be the bimeromorphic trivialization. Then there exists a fibre V t of (V, Fl y, X) such that V t is bimeromorphic to V0. Let Vt be the closure of V t in Y, so that V t is a compact subvariety of Y . Let V r -V t be the resolution of singularities such that aV r := V r-a-1(V t) is a hypersurf ace with only normal crossings and put Vr := a-1(V t). We denote by f the bimeromorphic mapping of VrXX to V. Since Y is complete hyperbolic and VrXX is nonsingular, then the meromorphic mapping Pyo f of VrXX to Y is holomorphic where PY : Y XX-~Y is the first projection (cf. Note that since [ is irreducible, W N , x is irreducible and so is W N, x. Applying
